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Abstract
The coupled Dyson-Schwinger Equations(DSEs) of the quark and gluon propagators can be
viewed as a system with feedback. Too strong feedback can break the stability of this system
and make the equation array has no reasonable solution. Our calculation shows that the gluon
and ghost loops plays important role in keeping this system stable, so their contribution must
be included in truncating the DSEs. Our method also could give constraints and inspirations on
fabricating more sophisticated model of quark-gluon vertex.
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I. INTRODUCTION
Sometimes we need coupled equations to describe a physics system. In this condition one
equation can be viewed as main equation and others as feedback. As too strong feedback
would break the stability of system, the parameters of the equations must lie in a confining
scope. The Dyson-Schwinger Equations (DSEs) consist of the relations of different points
Green functions. It need be truncated in calculations because any Green function in the
DSEs is correlated to all other ones. Here we will analyse the truncation schemes to the
DSEs of QCD from the standpoint of system stability.
Since in many problems the quark propagator can give the most important information,
the DSE of the quark propagator is generally picked out solely and the DSEs of other Green
functions are truncated out. At finite temperature and chemical potential the DSE of the
quark propagator can be written as[1–3]
G−1(p˜k) = iγ · p˜k +m+ 4
3
T
+∞∑
n=−∞
∫
d3q
(2pi)3
g2Dµν(p˜k − q˜n)γµG(q˜n)Γν(q˜n, p˜k). (1)
in which p˜k = (ω˜k, ~p) = [(2k + 1)piT + iµ, ~p], ω˜k = (2k + 1)piT + iµ, m is the current quark
mass (we use m = 5MeV in this paper), G(p˜k) is the full quark propagator, Dµν(p˜k − q˜n) is
the full gluon propagator and Γν(q˜n, p˜k) is the full quark-gluon vertex. The inverse of the
quark propagator G−1(p˜k) can be decomposed as
G−1(p˜k) = i~γ · ~pA(p˜k2) + iγ4ω˜kC(p˜k2) +B(p˜k2). (2)
The quark-gluon vertex Γ is generally given by model, the gluon propagator D is also given
[4–7] or partly given [8, 9] by model. Several most popular truncation schemes in this field
[4–9] can give very good value of hadron properties and the reasonable critical temperature.
One generally used truncation scheme is the bare approximation of the quark-gluon vertex,
i.e. Γµ → γµ, and the Qin-Chang model gluon propagator (in Landau gauge)[6]
g2DQCµν (Q; 0) = g
2∆(Q2)(δµν − QµQν
Q2
) =
4pi2
ω4
D0e
−Q2/ω2(δµν − QµQν
Q2
) (3)
in which Q = (~p− ~q, ω˜k − ω˜n), ωD0 = (0.80GeV)3, ω = 0.548. With this truncation scheme
and the chosen parameters the critical temperature of nuclear matter will be given as 150
MeV, which is consistent with Lattice QCD result [10, 11].
At zero chemical potential, as the previous truncation scheme give reasonable results in
calculating hadronic properties and critical temperature we can view it as physical one at
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FIG. 1: The DSEs for the quark propagator (top), the gluon propagator (middle) and the quark-
gluon vertex(bottom).
first. When the DSE is extrapolated to finite chemical potential, the unquenching effect
would make the gluon propagator change with quark chemical potential. Then we will
include the quark chemical potential dependence of the gluon propagator model by gluon
DSE. Only corrections coming from the quark loop is included at first, corrections coming
from other parts are viewed as higher order terms and omitted. Then we can write out the
difference between the inverse gluon propagators at nonzero and zero chemical potential as
g−2D−1µν (Q;µ)− g−2D−1µν (Q; 0) = Πq(1)µν (Q;µ)− Πq(1)µν (Q; 0) = Πˆq(1)µν (Q), (4)
in which Π
q(1)
µν (Q;µ) represents the quark loop with bare vertex divided by g2(Q2). Then
3
FIG. 2: The lowest two orders of the quark and gluon self-energy (with respect to chemical potential
dependent terms). We refer the first diagram of Σ and Π as Σ(1) and Πq(1), the sum of second and
third diagrams of Σ as Σ(2), the sum of second and third diagrams of Π as Πq(2), the sum of fourth
and fifth diagrams of Π as Πg(2).
we apply the modified gluon propagator to the gap equation (i.e. quark Dyson-Schwinger
Equation) to calculate the quark propagator, but unfortunately no reasonable solution exist
for these equations. It is known that for a system with feedback, the system stability can
be break by strong enough feedback. In this case Eq.(4) can be viewed as a feedback to
Eq.(1), and no reasonable solution existing shows the feedback is too strong and should be
decreased. Because g2, D−1µν and Π
q(1)
µν are all model dependent and neglecting the gluon and
ghost loops, the two sides of this equation will not be strictly equal and a correction factor
η(T ) (we choose it just for simplicity, strictly speaking it should be η[µν](T, µ,Q)) should be
added
g˜−2D˜−1µν (Q;µ)− g˜−2D˜−1µν (Q; 0) = η(T ) ˜ˆΠq(1)µν (Q), (5)
The terms with/without tilde means they are model dependent/independent. We find that
to keep the system stable the correction factor η(T ) must be in (η−up, ηup) which are very
small (listed in Table.I). The presence of such small correction factor means that some
critical elements might be omitted in the truncation scheme.
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TABLE I: Important physical quantities obtained with Qin-Chang model. All quantities are their
infrared values except ηup and η
−
up.
T (MeV) 80 100 120 140 160 180 200
ηup 0.082 0.073 0.059 0.047 0.040 0.038 0.036
η−up -0.042 -0.080 -0.135 -0.142 -0.101 -0.080 -0.066
Re[α0] 3.251 2.166 -4.784 -6.724 -10.417 -7.496 -7.882
Im[α0] -5.234 -2.416 -0.198 -0.011 1.128 0.031 0.029
Re[n0] 2.873 2.161 1.271 1.121 0.920 1.042 1.017
Im[n0] -0.703 -0.343 -0.004 -0.001 0.046 0.001 0.002
Re[n1] 0.402 0.378 0.341 -0.208 0.450 0.382 0.351
n2 -7.665 -7.541 -7.421 -5.631 -8.303 -8.744 -9.399
Re[ηα1=α2=1est ] 0.032 0.032 0.031 0.023 0.031 0.028 0.026
Re[ηα1=α2=α0est ] 0.012 0.015 0.004 -0.013 0.008 0.006 0.005
TABLE II: The up limit of correction factor (ηup) when the gluon self-energy in small momentum
region, i.e. Q2 ∈ (0, Q2up), is excluded. The temperature is at 100MeV.
Q2up(GeV
2) 0 0.1 0.5 0.6 0.8
ηup 0.073 ≈0.15 ≈0.35 >0.75 >1.0
II. IMPLICATIONS OF THE SMALL CORRECTION FACTOR
It is known that the bare vertex is a great reduction of the full vertex, if we want to
obtain expected result from gap equation with bare vertex and model gluon propagator, a
twist of the gluon propagator is necessary. For simplicity we assume the twist is just a scalar
TABLE III: Comparison of the Qin-Chang model (QC) [6] and the Lattice-QCD gluon propagator
[12]. β is their ratio.
Q2(GeV2) 0.01 0.1 0.5 0.6 0.8
∆(Q2)Lat 155.51 139.06 55.99 45.43 28.43
∆(Q2)QC 791.22 586.33 154.76 110.93 56.99
β 1/5.088 1/4.216 1/2.764 1/2.442 1/2.004
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factor, i.e.
g2Dµν(Q) = β(Q)g˜
2D˜µν(Q), (6)
in which g2Dµν represents the physical gluon propagator and g˜
2D˜µν represents model gluon
propagator. We assume the twist factor of the quark loop is also a scalar, i.e.
Πµν(Q) = βΠ(Q)Π˜
q(1)
µν (Q), (7)
in which Πµν represents the real physical gluon self-energy and Π˜
q(1)
µν represents the result
given by quark loop with bare vertex. (Strictly speaking, both β and βΠ should be tensor
variables.) By substituting the previous two equations to Eq.(4) and compare to Eq.(5) ,we
would have
η = ββΠ, (8)
We find three properties about the correction factor η: (1)the imaginary part of the gluon
self-energy needn’t be suppressed and can hardly influence the correction factor; (2)if the
gluon self-energy with m=0 (the four momentum is Q = (2mpiT, ~q)) is excluded the αup
will dramatically increase, for example at T=100 Mev it will increase from 0.073 to 0.39;
(3)Table.II shows that the correction factor η needn’t be so small if the gluon self-energy
in small momentum region is excluded. These properties indicate that to keep the system
stable only Re[η(T )
˜ˆ
Π
q(1)
µν (0, ~q)] (when q2 is small), i.e. the real part of Eq.(5), desperately
need be much smaller than Re[
˜ˆ
Π
q(1)
µν (0, ~q)]. Since both β and
˜ˆ
Π
q(1)
µν (0, ~q) are real, we just only
need
Re[η] = βRe[βΠ], (9)
be small. If we know β and βΠ we can estimate the correction factor Re[η].
The calculation of β is relative easy. Comparing the Qin-Chang model and the Lattice-
QCD gluon propagator could estimate β, the result is given in Table.III. Because Table.II
shows that the smallness of η arises from the infrared part, so we will chose the infrared
value of β which is 1/5.088.
The calculation of βΠ is more complicate, it can be given by the ratio of tr[Π
q
µν ] to
tr[Π˜qµν ]. We name the third diagram of the gluon DSE (middle line of Fig.1) as Π
q and name
all following diagrams as Πg. The gluon self-energy Π consists of Πq and Πg. We define
Πˆ = Π(µ)− Π(0), Πˆq = Πq(µ)− Πq(0), Πˆg = Πg(µ)− Πg(0). (10)
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Πˆg must be the function of Πˆ, both Πˆ and Πˆq are the functions of the quark propagator, if
the quark propagator has a perturbation, there would be
∆Πˆ = ∆Πˆq + ∆Πˆg(Πˆ). (11)
The lowest several orders of Πˆq and Πˆg are plotted out in the second line of Fig.2. We can
write
∆Πˆq = ∆Πˆq(1) + α1∆Πˆ
q(2), ∆Πˆg(Πˆ) = α2∆Πˆ
g(2)(Πˆ), (12)
in which Πˆq(1) (the first diagram of Π) is in order g2, Πˆq(2) (the sum of second and third
diagrams of Π) is in order g4, Πˆg(2) (the sum of fourth and fifth diagrams of Π) is in order
g4, α1 and α2 are the coefficients. We define
n1 =
∆tr[Πˆq(2)]
∆tr[Πˆq(1)]
, n2 =
∆tr[Πˆg(2)(Πˆ)]
∆tr[Πˆ]
, (13)
but for simplicity we will use the assumption
n2 ≈ ∆tr[Πˆ
g(2)(Πˆq(1))]
∆tr[Πˆq(1)]
. (14)
Then we can calculate out
βΠ =
1 + α1n1
1− α2n2 . (15)
n1 and n2 can be calculated out from Fig.2, the result is listed in Table.I. In calculating
the diagrams of Fig.2, every element should be physical as much as possible. Here we
choose the gluon propagator and the running coupling constant obtained by Lattice QCD
[12]. Because we think the previously truncated DSEs can give physical reasonable quark
propagator, so we choose the quark propagator given by solving the coupled DSEs of quark
and gluon propagator (Eq.(1) and (5)). The perturbation of quark propagator is given by
∆G = Gη1 −Gη2 , (16)
in which η1 = 0.02, η2 = 0.001, Gη is calculated out by the coupled DSEs with correction
factor η.
α1 and α2 can not be directly given. At first we consider the pseudo-case that the omitted
diagrams in Fig.2 have no contribution, i.e. α1 = α2 = 1. From Table.I we can see that the
correction factor (ηest) given by the previous procedure is in the reasonable zone. Then we
estimate α1 and α2 by studying the quark self-energy. The DSE of quark propagator and
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the lowest two orders of the quark self-energy are given in Fig.1 and Fig.2 respectively. Like
the gluon self-energy, we also can write
∆Σˆ = ∆Σˆ(1) + α0∆Σˆ
(2) (17)
in which Σˆ(1) (the first diagram of Σ) is in order g2, Σˆ(2) (the sum of second and third
diagrams of Σ) is in order g4, α0 is the coefficient. We define
n0 =
∆tr[Σˆ(2)]
∆tr[Σˆ(1)]
, n00 =
∆tr[Σˆ]
∆tr[Σˆ(1)]
, (18)
then we have
α0 =
n00 − 1
n0
. (19)
Because ∆tr[Σˆ]/4 is just the scalar part of the perturbation of quark propagator ∆G, ∆Σˆ(1)
and ∆Σˆ(2) can be calculated like the gluon-self energy, so we can obtain α0. We assume
that any diagram of Πq and Πg can manifest their importance at their lowest several orders,
so α0, α1 and α2 should be in the same scale and not have too much difference. Table.I
shows that when α1 = α2 = α0, the correction factor is also in (η
−
up, ηup). Further calculation
shows that when the ratio between Max[α0,α1,α2] and Min[α0,α1,α2] is smaller than 3.0
(5.0) the correction factor |Re[η]| would be no more than 0.043 (0.072). This indicate that
the smallness of the correction factor is bold to the value of α1 and α2, we will explore the
reason. In fact we can use n00 to estimate β
β =
1
1 + n00
=
1
1 + α0n0
. (20)
If α0 = α1 = α2, then
η = ββΠ =
1 + α0n1
1 + α0n0
1
1− α0n2 . (21)
The first fraction is the contribution of full quark-gluon vertex, the second fraction is the
contribution of gluon and ghost loops. Look at Table.I, −n2 is a big real value, so the second
fraction tends to cause great suppression. Re[n0] > Im[n0] and Re[n0] > Re[n1] can make
the real part of the first fraction small, this is useful to keep Re[η] small (since in most cases
the imaginary part of the second fraction is small).
III. CONCLUSIONS
At the beginning of this work we show that the coupled DSEs of the quark and gluon
propagator can not keep stable with simple truncation schemes. To make the equation
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array have reasonable solutions more ingredients must be included, at last we find two
points are important. One point is that the sum of the gluon and ghost loops can greatly
suppress the contribution of the quark loop to the gluon self-energy (corresponding the
bigness of Re[−n2]). Another point is that Re[n0] is at least several times of Re[n1] and
Im[n0], this might reflect the properties of more complex quark-gluon vertex. In the literature
the longitudinal structure of the vertex can be guided by considering the gauge covariance
[13, 14], the transverse structure can be partly determined by considering the requirements
of multiplicative renormalisability[15–17], besides that, there is no other guides to exploring
the remaining terms of the transverse structure except checking whether the outcomes with
the vertex model are physical reasonable[18]. The different dependence of the quark and
gluon self-energy on more complicate quark-gluon vertex provided by our method might be
useful in determining the full vertex lorentz structure.
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